Abstract: We explore holographic entanglement entropy for Minkowski spacetime in three and four dimensions. Under some general assumptions on the putative holographic dual, the entanglement entropy associated to a special class of subregions can be computed using an analog of the Ryu-Takayanagi formula. We refine the existing prescription in three dimensions to include perturbations and propose a generalization to four dimensions. We show that the first law of entanglement is equivalent to the gravitational equations of motion in the bulk, linearized around Minkowski spacetime.
Introduction
The AdS/CFT correspondence has been a fruitful avenue to understand quantum gravity in asymptotically AdS spacetimes. A question of interest is whether the holographic principle makes sense in more general spacetimes, such as our own universe. Some proposals have been made for de Sitter [1] , Kerr [2] or warped AdS [3, 4] . The asymptotically flat case is particularly interesting because it can be obtained as a flat limit of AdS [5, 6] (see also [7] ). The symmetry group of asymptotically flat spacetimes is the BMS group [8] [9] [10] . It is expected to play a central role in the understanding of flat holography [11] . Remarkably, an equivalence between BMS Ward identities and Weinberg's soft theorems was recently uncovered [12] .
An important insight from AdS/CFT is the role of entanglement in the emergence of the bulk spacetime from the field theory degrees of freedom. The Ryu-Takayanagi prescription [13] , and its covariant generalization [14] , have lead to a more precise understanding of bulk reconstruction [15, 16] . A landmark result was the derivation of the gravitational equation, linearized around AdS, from the first law of entanglement in the CFT [17] [18] [19] . This suggests that linearized gravity can be understood as the thermodynamics of entanglement. Jacobson's earlier result [20] , and its more recent refinements [21, 22] , suggest that this connection is very general and goes beyond asymptotically AdS spacetimes. In this paper, we show that a similar result holds for flat space holography in three and four dimensions, under some general assumptions that allow us to use an analog of the Ryu-Takayanagi prescription.
Entanglement entropies in 3d Minkowski spacetime were considered in [23] and were matched with computations in conjectured dual theories. We will follow the geometrical picture proposed in [24] , where the authors used a generalization of the CHM transformation [25] , to propose an RT prescription for flat spacetime. This requires some assumptions on the putative dual theory which are given in full details below. Under the same working assumptions, we refine their 3d prescription to include perturbations and propose a generalization to 4d.
It has been understood that the flat space limit of AdS is an ultra-relativistic limit, or Carrollian limit, of the dual field theory. The conformal Carroll group is the BMS group [26] . More precisely, the conformal Carroll group associated with the future boundary, i.e. null infinity I + , is isomorphic to BMS 3 when I + = R × S 1 and to BMS 4 when I + = R × S 2 . Therefore, the dual theory should enjoy a Carrollian symmetry which is an ultrarelativistic symmetry. Recent works have been able to match the gravitational dynamics with ultra-relativistic conservation laws [27, 28] . This suggests that the holographic dual of flat spacetime should be a Carrollian CFT [29] . This paper is organized as follows. In Sec. 2 we detail our working assumptions on flat holography. This allows us to use an analog of the Ryu-Takayanagi prescription in Minkowski spacetimes. We review and refine the existing 3d prescription in Sec. 3 to include perturbations. In Sec. 4 we prove that the gravitational equations, linearized around 3d Minkowski, follow from the first law of entanglement. 1 Our proof is only valid for Einstein gravity although we expect that it could be easily generalized to higher-derivative gravity. In Sec. 5 we generalize the RT prescription to 4d and prove that the first law of entanglement implies the gravitational equations of motion. Here, our proof is valid for general theories of gravity. In Sec. 6 we perform a flat limit of AdS 3 , also considered in [6, 31] , to identify the holographic stress tensor associated of 3d Minkowski.
Working assumptions on flat holography
Holography in asymptotically flat spacetimes is not well understood. The putative dual field theory should be defined on null surfaces and it's not clear how one should understand objects such as local operators or path integrals. In this work, we would like to analyze the consequences of an analog of the Ryu-Takayanagi (RT) formula in flat spacetime. To obtain such a prescription, we need some general assumptions on holography in flat spacetime which are listed below:
• (Assumption 1) There exists a quantum system living on the future boundary I + , such that we can associate a Hilbert space H to any slice Σ of constant retarded time u. To any bulk configuration on Σ, we can associate a state in H. 2 For the purpose of this work, we could also weaken this assumption by taking the bulk configurations to be only linear perturbations of Minkowski.
• (Assumption 2) For a subregion A of ∂Σ among a special class, we can associate a density matrix ρ A . If the Hilbert space factorizes on subregions, we expect that ρ A = TrĀ|0 0| whereĀ is the complement of A on the slice and |0 is the Minkowski vacuum. We allow ρ A to be only defined on some subspace H code of H.
The domain of dependence D of A is defined to be the union of all the images of A under translation along the u direction. 3 Following [24] , we define a generalized Rindler transformation to be a symmetry transformation on I + which maps D to a spacetime which has a thermal circle. 4 The generator ζ A of the thermal identification, which is called the modular flow generator, is required to annihilate the vacuum and leave D and ∂D invariant. A Rindler transformation is a generalization of the CHM conformal transformation [25] .
• (Assumption 3) If we can find a Rindler transformation, the density matrix can be written as ρ A = U −1 e −K A U where K A is the operator that generate translations along the thermal circle and U is a unitary operator acting on the Hilbert space which implements the symmetry transformation. For this definition to make sense, K A needs to be bounded from below in H code .
homologous to A. This is the analog of the Ryu-Takayanagi (RT) prescription and A will be called the RT surface.
These assumptions can be derived for holographic CFTs with AdS duals. Assumption 3 is derived in [25] , Assumption 4 is a consequence of the AdS/CFT holographic dictionary and Assumption 5 follows from [32, 33] . In this work, we want to consider the implications of the above assumptions for flat holography. In particular, we will investigate the consequences of the first law of entanglement δS A = δ K A which is valid for any quantum system where these objects can be defined. Paralleling the AdS story [18] , we will show that the linearized gravitational equations of motion are equivalent to the first law. We believe that although the microscopic theory is not well understood, this approach can provide valuable insights about holography in non-AdS spacetimes.
The results that we have proven can also be phrased purely in classical gravity. We have shown that for linearized perturbations of Minkowski spacetime, the gravitational equations of motion are equivalent to the first law
for a set of boundary regions A among a special class, and where S grav A is the gravitational entropy of the surface A defined to be the surface homologous to A and fixed by the Killing vector field ξ A . The existence of a holographic theory such that δS grav A = δS A and δE grav A = δ K A provides a microscopic realization and an interpretation in term of entanglement which renders the first law automatic.
Ryu-Takayanagi prescription in 3d Minkowski
We consider three-dimensional flat spacetime in Bondi gauge
where u = t − r. The boundary is the null infinity I + (at r = ∞) and the boundary metric is degenerate:
Let's pick a region A on I + . We would like to compute the entanglement entropy associated to A in a putative holographic theory living on I + . This can be computed with an analog of the Ryu-Takayanagi formula, which was proposed in [24] . In this section, we will review and refine this prescription.
Review of the 3d prescription
In [24] , the authors proposed an RT prescription for 3d Minkowski spacetime by using a "generalized Rindler method". This consists of finding a transformation, which satisfies the same properties as the Casini-Huerta-Myers conformal mapping [25] . One should look for a symmetry transformation which maps the domain of dependence D of a subregion A to a
Rindler spacetime characterized by a thermal identification. The modular flow generator, which is the generator of the thermal identification, is required to annihilate the vacuum and to leave D and ∂D invariant. Let's consider a straight interval A on the boundary, it is characterized by its sizes u and φ in the u and φ directions. The authors of [24] were able to find a Rindler transformation for A and to derive a boundary modular flow. Then, the Rindler transformation was extended into the bulk by finding a suitable change of coordinates. The bulk image of the transformation is a flat space cosmological solution [34] , which is the flat space analog of the hyperbolic black hole in AdS 3 . This maps the entanglement entropy into thermal entropy, which is computed geometrically from the area of the horizon of the flat space cosmological solution. This leads to the following picture: the RT surface is the union of three curves
where γ ± are two light rays emanating from the two extremities ∂A of the interval and γ is a bulk curve connecting γ + and γ − . The entanglement entropy is given by
We illustrate this procedure in Fig. 1 . This prescription is consistent with explicit computations in conjectured dual 2d theories [23] . See also [35] for a discussion on the replica trick in this context. For u = 0, we can see that the two light rays γ + and γ − meet inside the bulk. For the case of Einstein gravity, this means that the corresponding entropy vanishes because the length of null rays is zero. In this paper, we will only focus on the RT surfaces with u = 0. To prove the gravitational equations from the first law of entanglement, it turns out that these surfaces (and their transforms under bulk isometries) will suffice. The RT surfaces for u = 0 don't give additional constraints on the perturbation.
Let's review how the generalized Rindler method is implemented in [24] for surfaces A with u = 0. The Rindler transformation is given by
The thermal identification is given by x ∼ x + 2πi. The boundary modular flow is the thermal generator 2π∂ x which is given by
This modular flow generates a transformation of BMS 3 . It is depicted together with its Wick rotated version in Fig. 2 . The bulk modular flow can be found by looking for a 
The bulk modular flow ξ A vanishes on the curve γ. It doesn't vanish on the two light rays γ ± but is tangent to them, so the RT surface is preserved by the bulk modular flow although not pointwise. The entanglement entropy is then computed by the length of A according to (3.4) .
More RT surfaces. The authors of [24] derived a prescription to compute the entanglement entropies of boundary regions which are straight intervals. The prescription is summarized in Fig. 1 with two qualitatively different cases u = 0 or u = 0. There is a simple and important way to generate the RT surfaces associated to more general regions on I + . This can be done by acting with bulk isometries on a straight interval A. In Minkowski spacetime, we should act with elements of the Poincaré group. Their actions on I + are In contrast with the corresponding AdS/CFT picture (which is Fig. 2 in [19] ), the modular flow does not "transport" the entangling region A but is parallel to it. This suggests that the density matrix ρ A is more naturally associated with the domain of dependence D, as argued by [36] in the AdS/CFT context.
given by BMS 3 transformations which transform A into a new region A . This new region will be a more complicated curve. The corresponding RT surface A is simply obtained as the image of A under the bulk isometry. These transformed RT surfaces are depicted in Fig. 3 and play a crucial role in the proof of the linearized gravitational equations of motion from the first law of entanglement.
First law of entanglement
In quantum mechanics, the first law of entanglement is a general property of the von Neumann entropy, which holds whenever we have a well-defined density matrix. It states that under a variation ρ → ρ + δρ, we have
where S = −Tr ρ log ρ and K = − log ρ. The proof uses simple manipulations on density matrices and is given in [18] . When ρ is the density matrix associated to the boundary region A, we will denote δS A the entropy variation and δE A = δ K the energy variation. The first law of entanglement states that
We would like to compute the corresponding gravitational quantities δS grav A and δE grav A . In Einstein gravity, the gravitational entropy associated to the RT surface A is nothing but its area in Planck units. The variation of the entropy is then computed from the variation of the area of A. We want to allow for general theories of gravity so we introduce Wald's Noether charge Q[ξ A ] associated to the Killing vector field ξ A . The variation of the gravitational entropy is then given by
(3.10)
The gravitational energy is the canonical energy of the region Σ such that ∂Σ = A ∪Ã. In the Iyer-Wald formalism it is given by
where ω is the symplectic form. Paralleling the AdS story [18] , let's define the form
we will show that χ satisfies the same properties as its AdS counterpart. The bulk modular flow ξ A vanishes on γ. It doesn't vanish on γ ± where it is tangent, nonetheless, the integral of
This shows that A ξ A · Θ(δφ) = 0 and that we have
Using similar manipulations as in Sec. 5.1 of [18] , we can also show that 14) and that
where δE µν are the equations of motion. This is checked explicitly in App. A for perturbations around 3d Minkowski in Einstein gravity. Therefore, the gravitational entropy and energy satisfy a first law for on-shell perturbations 16) which follows from the fact that
The goal of our paper is to show that the converse also holds: the first law of entanglement for all the regions A (among a special class) implies the gravitational equations of motion.
Einstein gravity. Let's consider perturbations of 3d Minkowski in Einstein gravity. A class of asymptotically flat on-shell perturbations is [11] 
where λ is a small parameter and Θ, Ξ are arbitrary functions of φ. We focus on an interval A with u = 0 and on the slice u = 0. We can compute explicitly
We refer to Appendix A for details on this computation. The original entanglement entropy S A of the configuration vanishes because the unperturbed curve A is the union of two lightrays.
Refined prescription. In [24] , the RT prescription was proposed only for Minkowski spacetime. For linearized perturbations at first order, the RT surface A is unchanged so we expect to be able to use the same prescription for perturbed Einstein gravity:
where the length is computed in the perturbed geometry. In our case, A is still the union of the two light rays γ ± , which would imply that δS A = 0. This contradicts the first law of entanglement because δE A = 0. The resolution of this problem comes from the corner in A between γ + and γ − . We should regulate it by considering a smooth curve A reg arbitrarily close to A = γ + ∪ γ − .The correct prescription is then
where Q[ξ A ] is Wald's functional. In other words, the corner has a non-trivial contribution. 6 In App. A, we compute explicitly δS A and show that its value doesn't depend on the regularization and matches with δE A . Note that for Einstein gravity, (3.21) doesn't reduce to the length of A reg because Q[ξ A ] computes only the length of the surface on which ξ A vanishes. In particular, S(A) can become negative for some choices of perturbations. We comment on this in Sec. 3.3.
Positivity constraints
The vanishing of the entropy S(A) in Minkowski implies that the state ρ A is pure. This is unlike any standard quantum field theory, where the vacuum entanglement entropy has a universal divergence. This suggests some form of ultralocality as discussed in [37] : the vacuum factorizes between subregions of a constant u slice of I + . A perturbation will then create a nonzero entropy
From the explicit expression of (3.19), we can see that this expression can become negative. This is in tension with the fact that von Neumann entropies are always positive. This gives a constraint on perturbations of the form (3.18) that can be described within a quantum system on I + satisfying our assumptions. Imposing that
gives a constraint on Ξ according to (3.19) . To understand this better, let's restrict the Hilbert space H that contains only the perturbations (3.18) of 3d Minkowski. The condition (3.23) implies that we should restrict to the subspace H code ⊂ H on which δ K A ≥ 0. This implies that the operator K A is bounded from below on H code and hence, that the density operator e −K A is well-defined there. As a result, positivity of the entropy gives a constraint on the perturbations that can be described within a quantum system satisfying our assumptions. This is similar to the constraints on AdS perturbations coming from quantum information inequalities [38] [39] [40] .
Sign ambiguity. The generalized Rindler method doesn't fix the sign of the modular flow. If a path integral formulation can eventually be given, the sign would be fixed from the choice of the vacuum state. Choosing the new modular flow ζ A = −ζ A , with new modular Hamiltonian K A = −K A , the condition S(A) ≥ 0 selects a different subspace H code ⊂ H: the subspace on which K A is a positive operator. This ensures that for the modular flow ζ A , we have a density operator e −K A which is well-defined on H code . Hence, changing the sign of the modular flow amounts to selecting a different subspace on which ρ A is well-defined.
Flat 3d gravity from entanglement
In this section, we show that the first law of entanglement implies the gravitational equations of motion, linearized around three-dimensional Minkowski spacetime. We prove this result for Einstein gravity but we expect it to generalize to any higher-derivative theory. The generalization to four dimensions is treated in the next section.
General strategy
Let's consider a general off-shell perturbation of 3d Minkowski. The form of such perturbations is given in (A.7). The one-form χ satisfies
where δE ab are the equations of motion for the perturbations and ε a = 1 2 ε abc dx b ∧ dx c . 7 As explained in (3.17) , the first law of entanglement implies that for all surfaces Σ bounded 7 ε abc is a totally antisymmetric tensor such that ε urφ = √ −g. We would like to show that this implies that δE ab = 0. This is reasonable because we have a very large number of such surfaces Σ. The derivation will be similar to the AdS case [18] but the RT surfaces are more involved here, symmetries will play a crucial role. The strategy is to start with a reference configuration. By varying the parameters of this configuration, we will show that some components of the gravitational equations vanish. We will then act on this configuration with bulk isometries to obtain new constraints. The general logic can be phrased as follows. The first law of entanglement gives the equation
We can consider a new configuration Σ obtained by performing a bulk isometry x →x. The associated bulk modular flowξ a and volume formε b can be obtained by applying the transformation to ξ a and ε b . This gives
Note that the gravitational equations δE ab don't get transformed because we are considering the same perturbation but probed with a different RT configuration. Now, we can change variables in the integral using the inverse transformx → x to obtain
This shows that if we can prove that some component of δE ab vanishes, we immediately have that the transformation of this component under any bulk isometry vanishes.
Linearized gravitational equations
We now describe the proof of the gravitational equations, linearized around 3d Minkowski spacetime. Although the proof is similar to the AdS case derived in [18] , it is rather more challenging in flat space. Symmetries will play a crucial role in generating enough constraints on the perturbation. Our proof only holds for Einstein gravity because we need to use the explicit expression (4.11) for the component (r, r) of the perturbation. A generalization to higher-derivative theories requires a generalization of this statement. In contrast, our proof for 4d Minkowski spacetime given in Sec. 5 holds for general theories of gravity.
Reference configuration. The reference configuration is an interval A with u = 0 at u = 0 and with length φ centered at φ = 0. We can parametrize the interval A by
The RT surface A consists of two semi-infinite light rays starting at the origin and ending at the extremities ∂A, as in Fig. 1 . The surface Σ at u = 0 which is bounded by A and A can be parametrized by r and φ with
Let's write explicitly the equation (4.1). In Bondi coordinates, we have
Hence, the pullback of dχ on Σ is 8 Although the above expression holds for any φ , it is not constraining enough. 9 To go further, we have to use the explicit form of δE rr for general perturbations of 3d Minkowski.
We have performed the analysis for Einstein gravity and the perturbation is given in (A.8).
In this case, δE ab is just the Einstein tensor, which gives δE rr = 2 r ∂ r β(u, r, φ) .
This restricts the scope of our proof to Einstein gravity although we expect that in a general theory of gravity, knowing the form of δE rr would allow us to obtain a similar proof. The fall-off condition on β implies that it vanishes at infinity so we obtain We can now divide by φ and take the limit φ → 0 to obtain 15) when evaluated at φ = 0. We can then apply the same argument to rotated configuration. This shows that (4.15) holds for any value of φ. 10 Radial translations. Let's consider a new configuration which is obtained by translation the reference configuration by a distance λ along the light ray on which δE rφ is integrated. Such configurations are depicted in Fig. 3 . Denoting (ũ,r,φ) the translated coordinates, we obtain
9 Indeed, we can show by integration by parts that it is satisfied whenever +∞ 0 dr(δE rφ + r∂ φ δErr) = 0. 10 By rotated configuration, we mean the same configuration but centered at φ = φ0. For such a configuration, (4.10) becomes
and we obtain the end result (4.15) but evaluated at φ = φ0.
The Jacobian is given by
in the basis (u, r, φ). Transforming back, we obtain
Taking the derivative with respect to λ and using that this can be done in any direction φ implies that δE rφ = 0 on the slice u = 0. We then act with translations in the direction u to obtain δE rφ = 0 , (4.20)
everywhere in the bulk.
Boosts. We consider a boost with parameter α along the x-direction. In Bondi coordinates, the infinitesimal transformation is 21) to first order in α. This gives us a family of new configurations, which are illustrated in Fig. 3 . The Jacobian of the infinitesimal boost is given 22) when evaluated at u = 0. Acting with the infinitesimal boost (4.21) on δE rφ = 0 gives 23) which implies that δE rr = 0 on the slice u = 0. We then use translations in the direction u to obtain δE rr = 0 , (4.24)
Translations. We consider a general bulk translation δx µ = v µ . This generates a new family of configurations, illustrated in Fig. 3 . Acting with the infinitesimal translation on δE rφ = 0 leads to (v y cos φ − v x sin φ)(r 2 δE ur + δE φφ ) = 0 . This implies that 26) everywhere in the bulk.
Conservation equation.
We now write the conservation equation
This is a geometric constraint that is always satisfied. We will use this equation together with the constraints on the boundary stress tensor to cancel the remaining components. The analysis of the holographic stress tensor in flat space is performed in Sec. 6 by taking a flat limit of the corresponding AdS constraints. For b = u, the conservation equation implies
which leads to δE ur = C 0 (u, φ) and δE φφ = −r 2 C 0 (u, φ). We expect that the trace conditions (6.29) and (6.30) imply that C 0 = 0 although we have not been able to show it conclusively. 11 Assuming that this is the case, we obtain
everywhere in the bulk. The conservation equation for b = φ then gives
The solution of this equation is
The equation C 2 = 0 is precisely the conservation equation (6.13) of the boundary stresstensor, so we have δE uφ = 0. Finally, the component with b = r gives
with solution
The equation C 1 = 0 is the other conservation equation (6.12) of the boundary stresstensor, so we have δE uu = 0. Hence, we have shown that all the components of the linearized Einstein equation vanish.
Ryu-Takayanagi prescription in 4d Minkowski
Rindler transformation. We describe a transformation which satisfies the assumptions of the generalized Rindler method. It maps the coordinates (τ, x, φ) on I + into the coordinates (u, θ, φ) according to
This can be compared with the 3d case (3.5). It is in fact a BMS superrotation, which maps the round sphere into a conformally flat space
It is a Rindler transformation because the space that we obtain has a thermal identification
3)
The modular flow ζ A is the generator of this thermal circle, given by
It is a conformal Killing and hence annihilates the vacuum, as required for a boundary modular flow. To obtain the bulk modular flow, we can look for a Killing of 4d Minkowski which asymptotes to ζ A . We obtain
Note that this is much simpler than trying to find the gravitational solution which is dual to a thermal state, i.e. the flat space analog of the hyperbolic black hole. In 3d, these are known as the flat space cosmological solution [5, 34] . In 4d, such solutions are unknown and, if they exist, we expect that our analysis could give some hints towards their realization.
Watermelons. We focus on the slice u = 0. Other configurations can be obtained by acting with bulk isometries. The entangling regions A are given by patches on the sphere at infinity that are invariant under the flow. They are "watermelon slices" whose boundaries follow the flow and with width φ . They can be parametrized as 6) and are represented in Fig. 4 . The domain of dependence D and its boundary ∂D can be checked to be invariant under the flow. 12 Generalized Rindler transformations. When the sphere is written in complex coordinates z = e iφ cot(
we observe that the Rindler transformation (5.1) can be written as
where w = x + iy,w = x − iy. This suggests a way to obtain more general Rindler transformations, obtained by acting with global SL(2, C) transformation on the sphere. Let's consider the following transformation
Its infinitesimal version is a conformal Killing vector on the sphere
The boundary modular flow is the vector 2π∂ x and is given by
The bulk modular flow is
It is obtained as the Killing vector of 4d Minkowski spacetime which matches with ζ A on the boundary. The transformation described in (5.9) has also the thermal identification x ∼ x + 2πi. It is a one-parameter generalization of the previous Rindler transformation (5.8), obtained by considering a more general conformal Killing k.
Generalized watermelons. To understand the entangling regions associated to this modular flow, we should look at regions on S 2 that are preserved under k. There are two fixed points given by
The vector field k is a flow from P − to P + . The entangling regions are deformed "watermelons slices" whose boundaries are tangent to this flow, as depicted in Fig. 4 . The domain of dependence D and its boundary ∂D can be checked to be invariant under the flow. An entangling region A can be parametrized by
where (θ) satisfies the condition which ensures that the boundary ∂A is tangent to the vector field k. This makes sure that A and ∂A are preserved under the modular flow. Explicitly, we obtain 16) where φ parametrizes the width of the entangling region. For θ 0 = 0, we have (θ) = φ /2. At small φ , we have
At the special value φ = π 2 , the watermelon becomes a disk on the sphere. This is illustrated in Fig. 4 . The opening angle of the disk is π − 2θ 0 .
Ryu-Takayanagi surfaces. The entangling regions described above are the generalization of the 3d story with u = 0. The bulk modular flow (5.12) is very similar to the bulk modular flow in three dimensions (3.7). The RT surfaces associated to the above regions are easy to describe. They lie on the slice u = 0 and are the union of all light rays starting at the origin and ending on ∂A. We illustrate this prescription in Fig. 4 by representing the sphere at infinity on the slice u = 0. The entangling regions A are in blue and the RT surfaces A are in red. We also represent the boundary modular flow on the sphere. The entanglement entropy of the region A is then given by
This formula can be generalized by replacing the area with Wald's Noether charge. For Einstein gravity in the vacuum, the areas of all these RT surfaces vanish because they have a null tangent vector everywhere.
Perturbations. As an illustration, we can consider perturbations of 4d Minkowski in the
Bondi gauge where we turn off the gravitational wave aspect. Asymptotically, the on-shell perturbation h µν behaves as [42] 19) where i, j = {θ, φ}. More details are given in App. A.2. We can then compute 20) where ζ is the boundary modular flow (5.11). Similarly as in 3d, the entropy has to be computed using the refined prescription (3.21) where we regulate the corner of the RT surface. The fact that δE A = S(A) ≥ 0 gives some constraints on the perturbations that can be described by a quantum system on I + which satisfies our assumptions, mimicking the discussion in Sec. 3.3. These constraints impose the functions N A in (5.19) to be such that (5.20) is positive for a given region A. This selects a subspace H code on which K A is bounded from below so that the density operator e −K A is well-defined.
Linearized gravitational equations
Applying the first law of entanglement to the watermelon A, we obtain the equation Figure 5 : Illustration of the proof that δE rθ = 0. After showing that δE rθ vanishes when integrated over the orange line L P , we use translation along this line to show that it vanishes at any point on L P . Then using the (x, z)-rotation (orange arrow), we can show that δE rθ = 0 in the orange disk. Finally, using the (x, y)-rotation (gray arrow), we can show that δE rθ = 0 everywhere in the ball. These transformations all have diagonal Jacobians in Bondi coordinates so they don't mix δE rθ with other components.
where ε a = 1 6 ε abcd dx b ∧ dx c ∧ dx d and (θ) is defined in (5.16) and contains the parameter φ which parametrizes the width of A. The dependence on φ enters in a complicated fashion. However, we can differentiate with respect to φ at φ = 0, where we can use the expansion (5.17). We can also divide by φ and takes the limit φ → 0. This leads to 22) where the LHS is evaluated at φ = 0. We write the integrand explicitly on a slice at u = 0 using the bulk modular flow (5.12). We obtain
dr (−r cos θ δE rr + (sin θ + cos ε)δE rθ ) . (5.24)
We can divide by ε 3 to obtain a finite limit as ε → 0, or equivalently we can take the third ε-derivative of (5.24) at ε = 0. This evaluates the integrand at θ = along the direction φ = 0. This is a light-ray L P from the origin to the point P of the boundary with coordinates (θ, φ) = ( π 2 , 0) depicted in Fig. 5 . We can now apply the same argument as in 3d: we consider configurations that are translated along the light ray by a distance λ. The Jacobian, when evaluated on the semi-infinite light ray, is diagonal and given by 26) in the basis (u, r, θ, φ). Hence as in (4.19), we obtain 27) which implies that δE rθ = 0 on the light ray L P . We now consider a rotation in the plane (x, z). Under this rotation, L P covers the full disk in the y = 0 plane, shown in orange in Fig. 5 . The Jacobian of this transformation is diagonal because it only corresponds to a shift in θ, it is given explicitly by
so we obtain δE rθ = 0 when evaluated on this disk. For any point on this disk, we can then consider a rotation in the (x, y)-plane, whose Jacobian is the identity. This shows that δE rθ = 0 vanishes everywhere inside the ball. Finally, acting with translations in the direction u, we obtain δE rθ = 0 , (5.29)
everywhere in the bulk. This procedure is illustrated in Fig. 5 .
Boosts and rotations. We now act with boosts and rotations on the previous configurations to generate more constraints on δE ab . Transforming the equation δE rθ = 0 under the infinitesimal (x, y)-rotation, the (t, y)-boost and the (t, x)-boost, we obtain
Then, the image of δE θφ = 0 under the (x, z)-rotation implies that
Conservation equation. Finally, we use the conservation equation
For b = r, this implies
which leads to
We expect that an analysis similar to the 3d one in Sec. 6 can be performed in 4d and that it will lead to a trace condition and three conservation equations for the holographic stress tensor in 4d Minkowski. A proof of this statement will require a detailed analysis of the flat limit of perturbed AdS 4 in Bondi gauge, which we leave for future work. From now on, we will assume that these conditions on the holographic stress tensor ensure the vanishing of the components δE ua at leading asymptotic order. The trace condition, similar to (6.29) and (6.30) in 3d, should imply that C 0 = 0, leading to 35) everywhere in the bulk. The conservation equation (5.32) for b = θ, φ gives
The solutions of these equations are
We expect that the conservation of the boundary stress tensor implies that C 1 = C 2 = 0, leading to δE uθ = δE uφ = 0. Finally, the conservation equation (5.32) for b = u gives
which is solved by 39) and C 3 = 0 is expected to follow from the conservation of the boundary stress tensor. Thus, we have shown that all the components of the linearized Einstein equation vanish.
Holographic stress tensor in flat spacetime
In AdS, the boundary is a timelike hypersurface which allows for the definition of a nondegenerate boundary metric whose dual operator is the boundary stress tensor. In flat space, things are more subtle, because the metric becomes degenerate on the boundary (its determinant vanishes). This is simply because I + is a null hypersurface. To have a good understanding of the flat case, it is helpful to start from its AdS counterpart and perform a flat limit sending the AdS radius to infinity, we will see that this amounts to perform a Carrollian limit on the boundary (or ultra-relativistic limit). We will show that the induced geometry on a null hypersurface contains more than a degenerate metric and that additional geometrical objects appear naturally when performing the flat limit. The concept of boundary stress tensor will also have to be modified.
AdS 3 in Bondi gauge
We consider the following metric, written in Bondi gauge:
We are going to consider small perturbations around global AdS, the most generic perturbation in Bondi gauge is given bỹ
where λ is a small parameter. From now on, all the expressions will be linearized in λ.
Solving the (r, r), (r, u), (r, φ) and (φ, φ)-components of the linearized Einstein equations, with negative cosmological constant, gives
(6.
The flat limit was considered for the case β 0 = U 0 = 0 in [6] . There are two residual equations, given by the (u, u) and (u, φ)-components of Einstein equations
The latter can be understood as the conservation of a boundary stress tensor 5) where µ = {u, φ}. The boundary metric and the stress tensor are given by
where
This stress tensor can be obtained, for example, through the Brown and York procedure. It is well-known that the boundary theory is a 2d CFT whose central charge is given by [43] 8) and this is confirmed by computing the anomalous trace of the stress tensor 9) where R is the scalar curvature of the boundary metric.
Flat limit and Carrollian geometry
We have now all the ingredients to perform the flat limit. In the bulk, the → ∞ limit of the metric is given by another metric in the Bondi gauge (6.1) but whose defining functions areβ = λβ,Ṽ = −r + λV,Ũ = λU,φ = λϕ, (6.10)
we notice that this is now a perturbation around Minkowski. Solving the (r, r), (r, u), (r, φ) and (φ, φ)-components of the linearized Einstein equations, this time without cosmological constant, gives
(6.11)
The two residual equations, the (u, u) and (u, φ)-components of Einstein equations, are
12)
To be more precise, we have that the (u, u) and (u, φ)-components of the linearized Einstein equations scale with r as 14) such that C 1 = 0 ⇔ (6.12) and C 2 = 0 ⇔ (6.13). These conditions are the holographic input we need for the proof of Sec. 4. The difference with the AdS case is that we cannot recast these two conservation equations as the divergence of a boundary energy-momentum tensor for the simple reason that there is no non-degenerate boundary metric that allows us to build the usual covariant derivative. In the following we will show how to obtain the right geometrical structure to describe the boundary geometry.
To perform the limit on the boundary, it is useful to decompose the boundary metric and energy-momentum tensor with respect to their scaling with . We start with the metric
The inverse metric is
This decomposition allows us to define properly the geometry on the null infinity. It will be composed of a degenerate metric h µν (which induces a real metric on the boundary circle) whose kernel is given by the vector field v µ which represents the time direction, a temporal one-form n µ and the pseudo-inverse metric h µν (indeed, as h µν is degenerate, it does not enjoy a true inverse). These are the ingredients of a Carrollian geometry [44, 45] . One can check that they satisfy the following relations 19) at first order in λ. These can be taken as the defining relations of a Carrollian geometry. We will also make use of the scalings of the Christoffel symbols with : 
is the Levi-Civita of the pseudo metric h µν . The boundary energy-momentum tensor scales with as 24) so the boundary dynamical data decomposes in two pieces, T µν 0 and T µν 1 , defined on I + . For the perturbation in Bondi gauge, they are given by
25)
We can now take the → ∞ limit of the conservation equations. We obtain the two following conservation laws, a scalar one and a vector one
In three dimensions, the vector conservation corresponds only to one equation since its projection on v µ vanishes by definition. These two equations are the analog of the conservation of the stress tensor in AdS 3 and reproduce perfectly the two equations (6.12) and (6.13). They are the holographic input that we need in the proof in Sec. 4. 13 One can check that Y µ νρ is a torsionless "compatible" Carrollian connection [44] , which means that it parallel transports v µ and hµν .
There is also a Carrollian equivalent of the relation between the trace of T µν and the scalar curvature. It is obtained simply by taking the → ∞ of the formula (6.9) which splits into two equations:
where R 0 and R 1 are two Carrollian scalar curvatures defined as
and R Y is the scalar curvature associated with Y µ νρ :
Equations (6.29) and (6.30) are the third holographic input that we have to impose for the proof in Sec. 4. They are the equivalent of the tracelessness condition for the holographic energy-momentum tensor in AdS, that one has to impose on top of its conservation. For the Bondi perturbation, R 0 and R 1 are given by
Conclusion
In this paper, we have considered holographic entanglement entropy in asymptotically flat spacetimes. Under some general assumptions on the dual field theory, an analog of the Ryu-Takayanagi formula was obtained in [24] to compute entanglement entropies of 3d Minkowski spacetime. We have refined this prescription to include perturbations and proposed a generalization to 4d. Using this prescription, we have shown that the first law of entanglement is equivalent to the linearized gravitational equations of motion. Our result doesn't say much about the dual field theory since it only relies on the first law for a special class of boundary subregions. This could have been phrased purely in gravity, although it is natural to motivate it from the perspective of holography. It will be important to understand better the dual field theory, and try to prove the assumptions detailed in Sec. 2. Some recent progress in this direction include [29, [46] [47] [48] [49] [50] [51] [52] .
Another line of research would be to push further the consequences of the RT prescription which follows from our assumptions. One could hope to get some hints on the microscopic definition of the dual field theory, or show that one of the assumptions was incorrect. The RT formula in AdS has given rise to a wealth of results connecting quantum information to the emergence of spacetime. It would be interesting to think about the generalization of these results in asymptotically flat spacetimes, using the RT prescription described here.
A Entropies in perturbed Einstein gravity

A.1 Three dimensions
In this appendix, we perform explicit checks of the properties that χ needs to satisfy in the case of Einstein gravity in 3d Minkowski. In pure gravity, we have
The expression of χ is given by We expand the metric by introducing a linearized perturbation with small dimensionless parameter λ V = −r + λV (u, r, φ),φ = λϕ 1 (u, φ),β = λβ(u, r, φ),Ũ = λU (u, r, φ Note that this formula follows from the general derivation given in [2] .
We can also check the validity of the first law of entanglement. A class of asymptotically flat on-shell perturbations is [11] 
where λ is a small parameter and Θ, Ξ are arbitrary functions of φ. We focus on an interval A with on the slice u = 0 and with width φ . We can compute explicitly that To do this, we consider a smooth curve A ε which regulates the corner in A = γ + ∪ γ − . From the fact that dχ = 0 on-shell and that A ε is a smooth curve homologous to A, we have In the limit where ε → 0, the curve A ε tends to A = γ + ∪ γ − . There, the integral of ξ A · Θ vanishes because ξ A is tangent to γ ± and vanishes at the corner γ + ∩ γ − . Therefore, we have checked the validity of the first law of entanglement We take the linearized on-shell perturbations studied in [42] with C ij = 0, which corresponds to setting to zero the gravitational wave aspect. Asymptotically, the perturbation is
The subleading pieces in r should not contribute to the charges at infinity. This allows us to compute δE A in a similar way as in the previous section. We obtain on a slice u = 0 and the precise parametrization of the entangling region A can be found in (5.14).
